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Suppose ¢>0 and k>1. We show that if n>ny(k. ) and 4<Z, satisfies
|A| > ((1/k) + ¢)n then there is a subset B< A such that 0 < |B| <k and 3, .5 =0
(in Z,). The case k=3 solves a problem of Stalley and another problem of Erdos
and Graham. For an integer m > 0, let snd(m) denote the smallest integer that does
not divide m. We prove that for every ¢> 0 there is a constant ¢=c¢(s)> 1, such
that for every n>0 and every m, n'*" <m <n’/log’n every set A< {1,2,...n} of
cardinality |{4| > ¢ n/snd(m) contains a subset B< 4 so that >, gzbh=m. This is
best possible, up to the constant ¢. In particular it implies that for every » there is
an m such that every set 4 < {1,.., n}of cardinality | 4| > cn/log n contains a subset
B< A so that 3, s b=m, thus settling a problem of Erdés and Graham. ¢ 1987

Academic Press, Inc.

1. INTRODUCTION

Let n be a positive integer and put N={1,2,...,n}. For m=1 let f(n, m)
denote the maximum cardinality of a set 4 = N that contains no subset
B< A so that 3, ., b=m. Here we first show that

fn, 2n)=($+o(1))n (1.1)

(as n — o). This settles a problem of Erdds and Graham [E]. To establish
(1.1) we prove the following result about subset sums in the abelian group
Z,.
THEOREM 1.1.  For every fixed ¢ >0 and k> 1, if n > nglk, ¢) and A< Z,
satisfies |A| > ((1/k)+¢&) n then there is a subset BS A such that
O<|Bl<kand Y ,.zb=0.

The case k=3 of this theorem solves a problem of Stalley [S]. Clearly
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fin,my=nform>1+2+ --- +n=("%") Erdos and Graham [E]
observed that

S, m)=(5+0(1)) nflogn (1.2)

for all n, m. Indeed, by the preceding remark we can assume that m < ("3").
By the prime number theorem there is a number ¢, 1 <¢<(2+o0(1)) logn
which does not divide m. Put A4 = {ieN:q|i}. Clearly |4]>
(3 + o(1))n/log n and there is no B< 4 so that 3, 5 b =m. This establishes
(1.2). In this paper we show that (1.2) is best possible, up to the constant 4.
In fact, we prove a more general resuit, that determines the asymptotic
behavior of f(n, m) for every pair (n, m) where, say, n'®' <m < n%logn.
For m =1 let snd(m) denote the smallest non divisor of m, ie., snd(m)=
min{/: /=1, }m}. Clearly f(n, m)=[n/snd(m)] for all n, m. Indeed, the
set 4 of all multiples of snd(m) in N has cardinality | n/snd(m) | and con-
tains no subset B the sum of whose elements is /. The following theorem
shows that this obvious lower bound is, in fact, close to the real order of
magnitude of f(n, m).

THEOREM 1.2.  For every fixed ¢>0 there exists a constant ¢=c(e)= 1
such that for every n and every m that satisfies

a'rr<m<ntflogin (1.3)
the inequality
{ n/snd(m) | < f(n, m) < c-nfsnd(m) (1.4)
holds.

Note that the upper bound in (1.4) does not hold for very large m (since
for every m=n? f(n, m)=n), and does not hold for very small m (since for
every m<n/2, f(n, m)=n/2). Thus some restriction of the form (1.3) on
the size of m is necessary.

As a special case of Theorem 1.2 observe that if m=1-n, where / is the
least common multiple of 2,3,..,1logn, then, by the prime number
theorem, [=e¢'V/2Moenl o) and thus, for sufficiently large n, m satisfies
(1.3) for any ¢ < 1. Hence, by Theorem 1.2

f{n, m)= O(nflog n).

Our paper is organized as follows. In Section 2 we prove Theorem 1.1.
Our proof uses some extremal graph theory, the classical theorem of Roth
[R] about the maximum cardinality of a subset of N that contains no
three term arithmetic progression, and a theorem of Scherk [Sch] on
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abelian groups. In Section 3 we prove Theorem 1.2 by combining the
Cauchey—Davenport theorem and some of the methods of Erdos and
Heilbronn [EH] and of Olson [O], with the well known results of
Vinogradov [V] concerning Goldbach conjecture. The final Section 4 con-
tains several related results and open problems.

2. SUBSET SUMS IN Z,.

Let r;(n) denote the maximum cardinality of a subset
AS N={1,2,., n} that contains no arithmetic progression of three terms.
More than 30 years ago, K. F. Roth [R] (see also [GRS]) proved the
following.

LEMMA 2.1, r;(n) < O(n/log log n).

There are some improvements of this estimate (see [H]), but for our
purpose here this result suffices.
Next we need the following result of Scherk [Sch].

LEMMA 2.2. Let B and C be two subsets of an abelian group. Suppose
0e B C and suppose that if 0="5b+ ¢, where be B und ce C then hb=c¢=0.
Then |B+ Cl2|B|+|C|— 1.

COROLLARY 2.3. Let A be u subset of an abelian group G of order n, and
suppose |Al = njk. Then there is an integer r, | <r<k and a sequence
a, as,.... a, of r not necessarily distinct elements of A such thar ¥/ _, a,=0.

Proof. Suppose this is false. For cach i <k let A(i) denote the set of all
elements ge G such that g=«, + ¢, + -+ +«, for some 1 <r </ and some
not necessarily distinct elements a,.d,,...a, of A. We claim that
|A(i)| =i |A] for all i <k. Indeed, this is obvious for /= 1. Assume it holds
for some i<k. Put B=A(i)u {0} and C=4u {0}. Notice that by our
assumption 0¢ A(/) and hence |B]=|A(i)| + 1, |Cl=14]+1. Also, if
O=b+c for some beB and ceC then b=c=0, since otherwise
Oe A(i+ 1), contradicting the assumption. By Lemma22 [(B+C|>
[B|+|Cl—1=|A4(i)| + |4] + 1. Since B+ C=A(i+1)u [0} we conclude
that [A(i+ 1} = (i+1)|A4], as claimed. In particular, we obtain }|A(k)| =
kAl =n and hence A(k)=G. Thus Oe A(k), a contradiction. This com-
pletes the proof of the corollary. |

The next lemma follows easily from the known estimates for Turan num-
bers for hypergraphs, (see [De]). A slightly weaker version of it can be
proved by some standard probabilistic arguments.
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LEMMA 24. Let H be a 3-uniform hypergraph with m vertices and at
most |-m edges. Then H contains an independent set of size at least

m/(1+ \/3_1), ie, aset of at least m/(1 + \/3_1) vertices that contains no edge.

The next proposition and Lemma 2.1 imply Theorem 1.1.

PROPOSITION 2.5. Let A be a subset of Z, of -cardinality
[A| = (nfk)+ (1 + \/3(k —2)) ry(n). Then there is a subset BS A of car-
dinality 1 <|B| <k such that 3, 5 b=0 (in Z,).

Proof. 1t is convenient to first consider the elements of 4 as integers in
N=1{1,2,.., n} rather than residues modulo #. Call an element a € 4 good if
it is the midterm of at least k — 1 distinct 3 term arithmetic progressions of
elements of A. Otherwise, call it bad. Let C be the set of all bad members of
A. We claim that |C] < (1 +./3(k—2)) r5(n). Indeed, suppose this is false.
Let H be the three uniform hypergraph whose vertices are all elements of
C. A triple {c,,c,, c3} is an edge if ¢,, ¢, ¢; form a 3 term arithmetic
progression. By the definition of C, no member of C is the middle term of
more than k — 2 such progressions and hence the number of edges of H is
at most (k—2)-|C|. By Lemma 2.4, H contains an independent set of size

at least |C|/(1+./3(k—2))>r;(n). However, this set corresponds to a
subset of cardinality greater than r4(n) which contains no 3-term arithmetic
progression. This contradicts the definition of ry{n), and thus |C| <
(14 /3(k—2))rs(n), as claimed.

Let 4=A4\C be the set of all good members of 4. By assumption
|A| = n/k. Hence, by Corollary 2.3 there are a,,..., a,€ A such that

Y 0a,=0 (modn), o,>1, Y a,<k s>1. (2.1)

i=1 i=1

Among all the choices for s, a,,..., a,, 2,,..., @, that satisfy (2.1) choose one
for which x =max «, is minimum and is obtained the minimum possible
number of times. To complete the proof we must show that for this choice
max «, = 1. Suppose this is false and assume, without loss of generality, that
o, =max «; 2 2. However, a, is a good member of A4, and thus there are
k —1 pairs (c{, ¢}) | <i<k—1 of elements of 4 such that 2a, = ¢} + ¢} for
all 1<i<k—1. Clearly all these pairs are pairwise disjoint. Since
3¥_a,=k and o, 22 we conclude that s — 1 <k — 2 and hence there is an
i, 1<i<k—1 such that {c¢|,¢i}n{ay,,a,_} = Hence (a;—2}
ay+oa; ar+ -+, a,+c)+c5=0 (mod n) contradicting the choice of
Sy @yyy Ay Oy, 0. Thus a;=1 for all 1<i<s, and the assertion of
Proposition 2.5 follows. |

As mentioned above, Proposition 2.5 and Lemma 2.1 imply Theorem 1.1
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(and, 1n fact, a slightly stronger statement). We conclude this section by
showing how to deduce from Theorem 1.1 that f(n, 2n)=(:+o(1)) n.

COROLLARY 2.6. The maximum cardinality of a subset A< N=
{1,2,..n} such that there is no B A with 3, ,b=2n1is (1+o0(1)) n
More precisely, for all n22,

T30+ 1< f(n, 2n) <f3’-+ 34 (1+/3) raln).

Proof. The set A={ieN:iz|2n/3 |} has cardinality [#/377+1 and
clearly there is no B A with 3 ,.zbh=2n To prove the upper bound,
suppose A< N has cardinality [A4|=(#n/3)+3+(1+ \/5) ry(n). By
Proposition 2.5, there is a subset B, c A4, 1 <|B,|<3 with 3,.z6=0
(mod n). Since |B,| <3, the sum Y,z b is either n or 2n. If it is 2n we take
B=B,. If it is n we apply Proposition 2.5 to 4\ B, to get another subset
B, A\B, with [B,|<3 and },.4 #=n Then for B=B, U B, we have
>4e g b=2n. This completes the proof. |

3. FORBIDDING ONE SuM

In this section we prove Theorem 1.2. To this end we need several lem-
mas. For an abelian group G, an element ¢ e G and a subset B < G, define
fylay=|(a+b)n B|. This function was introduced by FErdds and
Heilbronn in [EH]. Olson [O] proved the following simple but useful
lemma.

LemMa 3.1 (1) fp(3i_, a,) <25 , Iela,).
(1) If E€G, then
> fale)=1|Bl-(1E| - |B).

vek

The next lemma is the well known Cauchy-Davenport theorem (see

[Da]).

Lemma 3.2, If p is a prime and A,BSZ, then |A+ Bz
min{ p, |4] +|B| —1}.

Lemma 33. If p is a prime, k>0 an integer and A< Z, satisfies
|4} = (2p/k) + 8k then for every ge Z, there is a subset BS A of cardinality
|B| <8k —2 s0 that 3, . g b= g. In particular, there are at most 8k — 2 dis-
tinct elements of A whose sum is 0.
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Proof. Let C,<A be an arbitrary subset of 4 of cardinality
pldk < |C,| < (p/4k)+ 1. For a set FE G, let F* denote the set of all sub-
set-sums of F, ie, F¥*={Y, . f: F SF}. We claim that for every i
0< i< 4k —2 there are i distinct elements b, b,,.., b;e A\C, such that

i+2 p

b1, ban b} 4 Cil > 5=

(3.1)

This certainly holds for i=0. Assuming it holds for i <4k —2 we prove it
for i+1. Put D=A\(C,v {b|, bs,., b,}). Clearly |D|=(p/k)+1. By
Lemma 3.2 the sum of | (i+ 2)/2 ] copies of D satisfies

. i+2 p\N_i+2/p
|D+ D+ + D] m1n<p,[ 3 J k> 3 <2k+ >

Let B be a subset of {b,., b }*+C, of cardinality greater than
((i+42)/2- (p/4k) but not greater than half the cardinality of the above sum
D+D+ - +D, and let E be a subset of D+ D+ -+ + D of cardinality
2 |B). By Lemma 3.1(ii) ¥,. . fzle}=|B] - {|E| —|B]) and thus there is an
eecE such that [fg(e)=|B]-(|E|—|B))/|E|=1B|/2. By definition,
e=d, +d,+ +d[(,+2)/,] for some d,,d,,...d;2,7€D. Hence, by
Lemma 3.1(i ) fB )= |B|/(i+2) for at least one d,. Define b, =d,.
Observe that

{brobi }*+C12BU (b, + B),

and hence

1
[Browbic )+ € 1B+ £5(d) > 18 (145

i+2 4 { 1 z+3 P
T i+2)" 2 4k

Therefore (3.1) holds for ali i < 4k — 2 and in particular, there is a subset
B, < A\C, of cardinality |B| =4k — 2 such that

(B +C,|> p/2. (32)

Now let cA\(C,uB) be any subset of cardinality
plAk <|C,) < p/4k) + 1. Repeating the argument above one can show that
there is a set B, € A\(C, u B, u C,), |B,| =4k — 2, such that

|B¥ + C,| > p/2. (3.3)
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Let ge Z, be an arbitrary element. By (3.2) and (3.3) the two sets Bf + C,
and g— (Bf+ C,) have a nonempty intersection. Therefore, there are
c,eC,,c,eC,, By B, and B, < B, such that

cite+ Y b=g
be Bl u B
Define B= B\ v B,u {C,, C,}. Clearly |B|<8k—2 and Y, zb=g This
completes the proof of the lemma. |}

LEMMA 3.4. Suppose n= 1 and let p be a prime, n< p<3n. Let k be an
integer and let | denote the least common multiple of 2, 3,..., 8k — 2. Then,
every set ASN=1{1,2,.,n} of cardinality |A| = (6n/k)+ (8k)*! contains a
subset B of cardinality |B| <8kl such that 3 ,.gb=1"p.

Proof. Since |A| = (2p/k) + 8k there is, by Lemma 3.3, a subset B, < 4
of cardinality |B,|<8k—2 such that 3,.,b=0 (modp) Put
Ysen b=1-p and observe that /, <8k —2. Suppose we have already
defined, for some i< 8kl/, i pairwise disjoint subsets B,,.., B; of A, each of
cardinality at most 8k —2, such that for every 1 </<i, ¥,cpb=1-p,
where 1</,<8k—2 is an integer. Put 4 = A\(U,., B;) and observe
that |4| = (2p/k} + 8k. Hence, by Lemma 3.3, there is a subset
B, ,cA\Uj_, B, so that ¥, 5 b=1[,,-p where [, ,<8k-2. Tt
follows that A contains 8k/ pairwise disjoint subsets B,,..., By, such that
2ses b=1;-p, where 1 </;<8k—2. By the Pigeonhole principle there is
some /, | <i<8k—2 so that at least //i of the /s equal i. Let B be the
union of //i of the corresponding Bs. Then |Bf < (8k —2)-//i<8kl and
S b =1-p, as neceded. ||

The well known conjecture of Goldbach asserts that any even integer
greater than 2 is the sum of two primes. Vinogradov [V] (see also [Da2])
proved that there is an n, so that every odd integer greater than ng is a sum
of three primes. His proof can be easily modified to show that these primes
can be chosen in the range, e.g., (0.3n, 0.35#). This is stated in the following
lemma, whose proof is an easy modification of the one given in [Da2] to
Vinogradov’s theorem.

LEmMMA 3.5, For n>n,, every odd integer in the range (4n, 8n) is a sum
of three primes p., p,, py, where n < p; < 3n. Thus every integer m> 16n is a
sum of at most m/n primes, each greater or equal than n and smaller or equal
than 3n.

PROPOSITION 3.6. There exists an ng, such that for every n> ny and every
m, if s=snd(m), 8k —2 < s, [ is the least common multiple of 2, 3,..., 8k —2
and mfl>16n, then any set ASN={l,.,n} that satisfies |A|=
(6n/k) + (8k)* + (m/n) - 8k contains a subset BS A so that ¥ ,_zb=m.
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Proof. By definition /| m. Since m//> 16n, by Lemma 3.5 there exists a
sequence (p;, ps,.., p;) of primes, where s<m/l-n, n<p;<3n and

i_1 pi=m/l. By repeated application of Lemma 3.4 we obtain s pairwise
disjoint subsets B,,.., B, of 4, where Y, 5 b=/ p, for 1<i<s. Define
B=B;u - UB,. Then B 4 and ¥ ,_p b=m, as needed.

Proof of Theorem 1.2. The lower bound f(n, m) = | n/snd(m) | is trivial.
It clearly suffices to prove the upper bound for #n>n,, where n, =n,(¢) is
any constant, since the constant ¢(¢) can be adjusted to give the result for
n<n,. Suppose n'**<m<n*log’n and put s=snd(m). By the prime
number theorem s<(2+0(1))-logn. If s<8 there is nothing to prove.
Otherwise, define & =min(| s/8 |, £log n/16) and note that 8k —2 <s and
that k>d(e)-s for some d(¢)>0. Let / be the least common multiple of
2,3,.,8k—2 Then [=¢® 2+l p@+ild o dye for sufficiently
large n. Hence m/l > 16n. By Proposition 3.6 for n > n,,

f(n,m)<§£+(8k)2~l+%-8k

n 2. n _ E
d(g)_5+0(log n-n )+0<logn> 0<S).

This completes the proof. |

S

4. RELATED RESULTS AND OPEN PROBLEMS

For n>1 and a set M of integers, let f(n, M) denote the maximum car-
dinality of a set 4 < N that contains no subset B< A4 such that 3, _,be M.
Clearly if M= {m} then f(n, M) coincides with our previous function
f(n, m).

Let M, denote the set of all powers of two. Clearly f(3n, M,)=n, as
shown by the set of all multiples of 3 up to 3n. Erdés and Freud (see [E])
asked whether f(3n, M |)=n for all n = 1. At the moment we are unable to
settle this problem. We can show, however, that f(3n, M,) is not far
from n.

ProPOSITION 4.1. The maximum cardinality of a subset A< N=
{1, 2,.., n} such that there is no B< A whose sum of elements is a power of 2
is (§+o(1)) - n. More precisely, for every n> 1,

Ln/3 1< fn, M1)<§+13 S+ (1+/3) r([n+2 /n).

Proof. The lower bound is given by A= {ieN:3|i}. To prove the
upper bound, suppose A< N has cardinality |A4|= (#/3)+ 13 \/; +
(1+ \/3) ry{[n+2 \/;]). We first claim that there is a sequence a,,..., a, of
s<2 ﬁ not necessarily distinct integers, where n<a,<n+2 \/; and
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>+_,a,is a power of two. Indeed one can easily check that every integer m
that_satisfies n*?<m<2n*" is a sum of s integers a,...,a, where
L\/;_J <s<2 \/}; and n<a,<n+?2 \/; Clearly there is an m in this range
which is a power of 2. By repeated application of Proposition 2.5 (or
Corollary 2.6), we conclude that there are s pairwise disjoint subsets
B\, By,..,B, of A, where |B,|<6 and }, j bh=2a, Indeed, suppose
B,.... B, have already been defined for some /i<s. Put A=A\(U'_, B;)
and observe that |A4|2=(a,,,/3)+3+(1+ \/5) ri(a;,,). Hence, by
Proposition 2.5 there are two pairwise disjoint subsets B;, | and B/, , of 4
such that |B;, | <3, |B],,I<3and ¥, .5 b=0(moda,, ) Y, 5.  b=0
{mod a;, ). As in the proof of Corollary 2.6 we conclude that either B/, |
or B/, or B;,, U B/, can be chosen as B, . Therefore the sets B, ..., B,
with the desired properties exist. Now put B=B,u --- U B, and observe

that B€ A%, ;b is a power of 2. This completes the proof. |

Let M, denote the set of all square free numbers. Clearly f(4n, M,) > n,
as shown by the set of all multipies of 4 up to 4n. Erdds and Freud [E]
asked whether f(4n, M,)=n for all n > 1. Again, our methods here do not
resolve this question but suffice to show that f(4n, M,)=(1+o(1)) a.

ProrosITION 4.2, The maximum cardinality of a subset A< N such that
there is no B< A whose sum of elements is square free is (3 + o(1)) n. More
precisely

Ln/d | < f(n. M3]<§+(l +J6) r([n+16 /n])+4 Jn.

Proof. The lower bound is given by A= {/ieN:4|i]. To prove the
upper bound suppose 4 € N has cardinality

14| 2’741”1 +/6) ([ 416 Jn])+4 n.

We claim that there is a square free number m, n<m<n+16 \/;1 such
that 2 m and 3 J m. Indeed, the number of elements in this range that are
divisible by either 2 or 3 is smaller than 4 4 16 \/; 5. In addition, the num-
ber of elements in this range divisible by p* for some prime p.

3<p<\/n+16\/r-z is smaller than 1+(1/p1)'16\/l_1. One can easily

check that

2 1
4416 /n+ Y <1+—;16\/@><16\/r;
3 . - p‘—
Japsntle n
pprime

and hence there is an m with the desired properties. Consider the elements
of A as residues modulo m. By assumption 4| = (m/4) + (1 +\/€) ra(m).
Hence, by Proposition 2.5, there is a subset B< 4 of cardinality |B] <4
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such that ¥ ,.6=0 (mod m). Since |B| <4 we conclude that over the
integers 3,z be {m, 2m, 3m}. However, by the choice of m each of these
numbers is square free. This completes the proof. |

Let M, denote the set of all squares. Erdos [E] showed that
fin, M3)=(1+0(1))-2'7-n'". An immediate consequence of Theorem 1.2
is that f(n, M ;)= O(n/log n). At the moment we are unable to improve this
upper bound, but we suspect that the lower bound is closer to the truth.

We conclude this paper with the following conjecture, which is a
strengthening of Theorem 1.2.

CONJECTURE 4.3. If n"' <m<n'? then

fla,m)=(1+0(1))- n/snd(m)

as n— oC.
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Note added in proof. Conjecture 4.3 has been recently proved for m < n*? by Lipkin and
for m=n**** in [AF]. Related results appear in [EF]. Theorem 1.1 can be proved for every
finite Abelian group of odd order by replacing Lemma 2.1 by the main result of [FGR].

REFERENCES

[Da] H. DaveNPORT, On the addition of residue classes, J. London Math. Soc. 10 (1935),
30-32.

[Da2] H. DAveNPORT, “Multiplicative Number Theory,” 2nd ed., Chap. 26, revised by
H. L. Montgomery, Springer-Verlag, Berlin, 1980.

[De] D. DECaEN, Extensions of a theorem of Moon and Moser on complete graphs,
Ars Combin. 16 (1983), 5-10.

[E] P. ErDOs, Some problems and results on combinatorial number theory, in “Proc.
st China Conference in Combinatorics, 1986,” to appear.

[EH] P. ErRDOS AND H. HEILBRONN, On the addition of residue classes mod p, Acta Arith. 9
(1964), 149-159.

[GRS] R. L. GraHam, B. L. RoTHSCHILD, AND J. H. SPENCER, “Ramsey Theory,” Wiley,
New York, 1980.

[H] D. R. HEATH-BROWN, Integer sets containing no arithmetic progressions, preprint,
1986.

[O] J. E. OLsoN, An addition theorem modulo p, J. Combin. Theory 5 (1968), 45-52.

[R] K. RoTH, On certain sets of integers, J. London Math. Soc. 28 (1953), 104-109.

[Sch] P. ScHERK, Amer. Math. Monthly 62 (1955), 46-47.

{s] R. STALLEY, Private communication from D. Richman.

[V] [. M. VINOGRADOV, Mat. Sh. (N.S.) 44 (1937), 179-195,

[AF] N. ALoN aND G. FrIEMAN, On sums of subsets of a set of integers, preprint (1987).

[EF] P. ErpOs aAND G. FRIEMAN, On two additive problems, preprint (1987).

[FGR] P. FrRankL, R. L. GRAHAM AND V. RODL, On subsets of Abelian groups with no
3-term arithmetic progression, preprint (1986).



